t is the first day of the new school ye a r. I face many challenges as the teacher in this first-period class, a hetero g e n e o u s l y o r g a n i zed geometry class. Now in my 17th year of teaching mathematics, I am confident that I have sufficient education and experience to offer my students a rich and appropriately rigoro u s course. Today there are the usual "s t a rt -u p" administrative activities and normal classroom management issues, and there are also issues of how best to assess the students' skills, how to adjust my p resentations and expectations, and how to ascertain and incorporate students' pre f e r red learning styles.
An additional teaching concern is re p resented by Ad a m , the student sitting at the front of the second row, arms folded a c ross his chest, staring straight ahead. Around him, student voices buzz as other members of the class engage in small-gro u p i n q u i ry. Adam sits alone and waits. We both hear students challenging each other's answers and debating the re l a t i ve merits of different problem-solving strategies, but Adam re m a i n s motionless, even when I approach his desk. In response to my " How's it going?," there is neither a flicker of an eyelid nor a change in his position.
If waiting is the game, I can outwait any adolescent. I stand q u i e t l y, attentive to the industry around me, but I don't move away f rom Adam. Fi n a l l y, he pushes a sheet of binder paper tow a rd me and points to a number written on it. When I neither move nor respond, Adam says, "The answe r's 13." This is incorrect, but rather than tell him this, I ask, "How did you get that va l u e ? " Without looking up, he tells me, "The work is so simple, any fool can see the answe r." That is a loaded re p l y, as I suspect he knows. To tell him he is incorrect is to risk suggesting that he is a fool. To give him the correct answer is to grant him tacit permission to remain disengaged.
As with many mathematics students who have pre c e d e d Adam, I am witnessing some of the methods employed by a student who may be bright, bored, and underachieving, in spite of his incorrect answe r. The immediate problem is fin d i n g a way to spark Adam's engagement. The larger problem is verifying Ad a m's ability and, if my assumption is correct, deve loping effective teaching strategies to meet the needs of this potentially high-end learner in a heterogeneously gro u p e d mathematics classroom. Differentiation provides one method by which teachers can provide appropriate challenges at appropriate levels for all learners in a heterogeneously grouped mathematics classroom, where the range of abilities and interests can be wide. This article considers a heterogeneously grouped high school geometry class where differentiation is practiced. Students who demonstrated mastery of the concepts and skills still under study are invited to move into a differentiated option closely linked to the current class material. Three differentiation opportunities are presented and discussed. The first opportunity is an extension and application of current class work. The second is an investigation of open-ended questions. The third is a consideration of student-selected problems. Each provides content, process, and product differentiation.
I Heterogeneity
Schools face difficult decisions about the appro p r i a t e placement of students in mathematics classes (Na t i o n a l Council of Teachers of Mathematics [NCTM], 2000) . Although one of the educational goals for the United States was to be "first in the world in mathematics and science achievement by the year 2000" (Takahira, Gonzales, Frase, & Salganik, 1998, p. 17) , the evidence from a variety of sourc e s demonstrates that this goal has not been re a l i zed (Go n z a l e s , Calsyn, Jocelyn, Mak, Kastberg, Arafeh, William, & Ts e n , 2000; NCTM; Takahira et al.) . Neither the practice of tracking nor that of heterogeneously grouping mathematics students has led to quantifiably higher standard i zed testing outcomes ove r the last decade.
Tracking, defined by Si l ve r, Smith, and Nelson (1995) as placing middle and high school students in different mathematics classes based on ability, has led to unequal opport u n i t i e s for students in the lower tracks to pursue higher level object i ves. These authors relate that students left out of the higher track courses are denied access to high-quality, challenging mathematics. Compared to students who understand and can do mathematics, these lower tracked students have diminished o p p o rtunities and options for shaping their futures (NCTM, 2000) .
The heterogeneously grouped classroom presents a different set of challenges. He re, mathematics teachers work with students who evidence a wide range of abilities and prior k n owledge (Mills, Ab l a rd, & Gustin, 1994 ; Van Ta s s e l -Ba s k a , 1991). The more variety exhibited by a group of students, the g reater the potential challenge educators face in meeting their instructional needs. At what level should one teach in order to match curriculum with ability and to build from prior knowledge?
C l a rk (1997) suggested that the optimal environment for each student would be one where the level and pace of instruction is individually matched to the student. In reality, individual instruction is rarely possible in public school classro o m s , w h e re teachers usually work with large groups of students ( Renzulli & Pu rcell, 1996) . Teaching to the lower level of a class perpetuates the problem of low mathematics achieve m e n t , along with boredom and disengagement on the part of the middle and high-end learners. Teaching to the middle leve l causes the less-pre p a red students to struggle and fall fart h e r behind, while the better pre p a red students, who re m a i n unchallenged, lose their motivation to learn (Rimm & L ovance, 1992) . Teaching to the high end also seems untenable, given the probable struggle and likely disengagement by less-prepared students.
Without changes in the level of classroom teaching, the outlook for promising mathematics students is bleak. Ac c o rding to Rimm and Lovance (1992) , "if we don't prov i d e a challenging environment, we are, in a de facto w a y, teaching our children to underachieve" (p. 10). Perhaps disengaged students like Adam are one result of the failure to teach at a leve l a p p ropriate to high-end mathematics students, a failure has been documented. Sh o re and De l c o u rt (1996) found "t h a t when gifted children we re heterogeneously grouped within classes, they re c e i ved less than 20% of the teacher's attention and no curricular differentiation in 84% of their learning activi t i e s" (p. 142). They also re p o rted that, "at best, only minor modifications to the regular curriculum we re made for gifted students, even when there was a formal within-class gifted program in these schools" (p. 142).
Mathematical Giftedness
The basis for any discussion re g a rding teaching at a leve l a p p ropriate for mathematically gifted students begins with a general understanding of giftedness before moving to a spec i fic understanding of mathematical giftedness, which is difficult because there is no universally accepted definition of general giftedness (Gagné, 1995; Mo relock, 1996 ; St e r n b e r g , 1993).
This fundamental lack of agreement extends to mathematics, where differing descriptors of high mathematical performance and ability are evident in the literature (Sowe l l , 1993). Sowell, Bergwall, Ze i g l e r, and Cartwright (1990) documented a variety of literature-based adjectives to describe e xceptional mathematics students. These descriptors include "p romising," "high-end learners," "gifted and talented," and "academically superior." This multiplicity of descriptors within the specific domain of mathematics parallels the plurality of descriptors of giftedness in general.
Despite such different descriptions of mathematics students with high potential, the literature discussing these students (Sowell et al., 1990) agrees that mathematically gifted students are able to do mathematics typically accomplished by older students or engage in qualitatively different mathematical thinking than their classmates or chronological peers. This literature also frames a picture of mathematical talent that corresponds to an understanding of giftedness as a dynamic and emerging trait. The NCTM Task Fo rce on Ma t h e m a t i c a l l y Promising Students (Sheffield, 1999) re c o g n i zed that mathematically gifted students come in all sizes, ages, and levels of academic achievement and noted that they may not possess identical traits. Fu rt h e r m o re, the task force avoided defining mathematical promise as giftedness. Instead, they defined mathematically promising students as "those who have the potential to become the leaders and problem solvers of the future" (Sheffield, p. 9). The difficulties of the task forc e's definition of "m a t h e m a t ical pro m i s e" lie in recognizing and nurturing potential. Are mathematically promising students those who accurately solve demanding problems, those who do mathematics typically accomplished by older students, those who demonstrate both these characteristics, or those who evidence some other combination of mathematical attributes? Rather than debate whether mathematically promising students are gifted, for the purposes of this discussion, mathematical giftedness is re g a rded as an emerging promise or high ability with mathematics re l a t i ve to one's peers. In addition, this discussion accepts that high-ability mathematics students may not demonstrate their abilities consistently. O ver time, howe ve r, they exhibit clusters of classroom behaviors that are markedly different from their classmates.
Behaviors
Sowell, Ze i g l e r, Bergwall, and Cartwright (1990) found that there are at least two types of mathematically gifted students. One type is the precocious student, able to do the mathematics typically accomplished by older students. The other type is the student who is able to solve demanding problems by employing qualitatively different thinking processes. Generally speaking, re g a rdless of membership in either of these or other groups, highly able students acquire basic skills rapidly, reason q u i c k l y, and have the ability to form compre h e n s i ve generalizations more advanced than their agemates (Johnson, 1994) .
While promising mathematics students will not evidence all traits, additional traits include longer attention spans, better memories, and greater persistence in wanting to find the solution to problems when compared to agemates (Ga ro f a l o , 1993). Some of these students may consistently create numerically inaccurate answers since they may spend re l a t i vely more time on the planning stages of problem solving and be less concerned about accuracy of calculations (Garofalo).
With no set of traits describing high-end mathematics students, it is evident that no single method of instruction necessarily addresses the needs of these students. Since Clark's (1997) suggestion of individualizing instruction is untenable and the range of needs can be great in the hetero g e n e o u s l y g rouped mathematics classroom, differentiation presents an a t t r a c t i ve answer to the dilemma of what a teacher can do. Returning to Ad a m's geometry class illustrates the power of this method.
Differentiation
Adam was a student in one of the 17 hetero g e n e o u s l y g rouped, non-honors geometry classes in a large suburban high school. Twenty-two teachers formed the mathematics department, neither larger nor smaller than most mathematics d e p a rtments in the more than two-dozen high schools in this district. As part of one of the nation's largest school districts, Ad a m's school was experiencing the pre s s u res that accompany e x p l o s i ve population growth. Already racially diverse, it was suffering from seve re ove rc rowding. Classes we re "c a p p e d" at 32, based on the size of the rooms. In re a l i t y, class sizes often g rew above this cap. New students we re entering the district on an average of 300 per week. They had to be assigned to schools and receive schedules. In Adam's class, the number of students exceeded and receded several times from the stated cap of 32.
C l e a r l y, the needs of such a class we re dynamic. At times, I needed to present new information to the class using dire c t i n s t ruction. At other times, I could maximize student focus and mastery by creating small groups for investigations, for practice, or for compacting materials new students needed to m a s t e r. During these small-group sessions, I was able to move a round the class, listening to student discussions, prov i d i n g scaffolding, asking open-ended questions, and assessing p ro g ress. St ru c t u red appro p r i a t e l y, these group tasks met many of the NCTM (2000) recommendations for better mathematics teaching.
Howe ve r, group work, per se, does not re p resent differe ntiation, even when students are working on different problems ( Ho e f l i n g e r, 1998). For true differentiation to occur, the teacher should preassess understandings central to a unit and then purposefully modify activities to eliminate repetition and drill for those who already demonstrate mastery. These modifications fall into three general categories: differentiated content, d i f f e rentiated process, and differentiated product (To m l i n s o n , 1999). The key components of modifications to the mathematics curriculum should attend to four broad principles: The teacher should (1) provide content with greater depth and higher complexity, (2) nurt u re a discove ry approach that encourages students to explore concepts, (3) focus on prov i ding complex open-ended problems, and (4) create opport u n ities for interdisciplinary connections (Stepanek, 1999) .
Adam's class presented a full range of student abilities and i n t e rests. Two of the students qualified for Honors Ge o m e t ry, but declined to take that accelerated course. As the year passed, I discove red another three whom I believed exhibited high mathematics potential. Three students we re mainstre a m e d learning-disabled students with IEPs. Se veral students had b a rely passed Algebra, a pre requisite in this district for Ge o m e t ry, so they struggled with the mathematics behind many of the year's units.
The adopted text was Ge o m e t ry: An In t e g rated Ap p ro a c h (Larson, Boswell, & St i f f, 1995) , which followed a standard sequence of geometric topics. After an ove rv i ew of the subject, the text provided a re v i ew of basic algebra and re a s o n-ing skills. Immediately there a f t e r, the focus shifted to geome t ry, beginning with the study of triangles. I used the study of triangles as a foundational unit that carried classically important mathematics and served as a vehicle for differe n t i a t i o n e x p e r i e n c e s .
O ver the course of the unit, I was able to provide three different types of differentiation. The first was extension, the second was open-ended investigation, and the third was self-selection of problems. Each differentiation opport u n i t y p rovided an opportunity for content differentiation, pro c e s s differentiation, and product differentiation
Modification 1: Extension and Application
Adam's class began their study of triangles in October. The two major ideas that anchored the fall curriculum we re cong ruency and the Py t h a g o rean theorem. The class began the study of congruency by learning about the different kinds of triangles. This re q u i red that they understand the descriptive attributes of triangles and correctly apply them. Adam and four other students grasped the descriptors of triangles, could apply them accurately, and needed more or different work in order to increase their mathematical understandings.
The initial modification presented to these five students was an extension of the task of defining and applying attributes to a group of shapes. Their task was to create at least two systems to describe and sort quadrilaterals. The students we re to test their proposed systems, modify them as needed, and present their findings in two forms to the full class. They could work as one large group or as two small groups. No one could work alone.
My expectation was that these students would discuss and then organize all the quadrilateral shapes into two gro u p s that paralleled the categorization of triangles by angle or length of side. Instead, they found the flaw in the assignment within moments of starting their considerations. Although they did not have the mathematical vo c a b u l a ry, they discove red convex and concave quadrilaterals. After a lengthy debate among themselves and one short confere n c e with me, they decided to include both types of quadrilaterals in their discussions because they wanted to be exhaustive in their considerations.
These students we re ready to present their findings to the class before the rest of the students had reached a good place to stop their work. To allow these five to continue cre a t i n g meaningful learning, I asked each of them to pose at least three questions about their new understandings. They we re instructed to pool their questions, arrange them in a hierarchy from most to least important, write them on chart paper, post the papers to form an "inquiry wall," and begin re s e a rching the questions. Hypotheses or answers to these questions we re added to the chart paper over the course of the next seve r a l months.
This wall became integral to the learning experience of the whole class. At different times during the fall semester, e ve ry member of the class contributed to the growing body of d i s p l a yed information by adding questions, suggesting hypotheses, or providing answers. The wall became the foundation of self-selected, but focused, inquiry for the whole class during the fall semester.
Modification 2: Investigating an Open-Ended Question
As the class began to study the nature of congru e n c y, Adam and two others from the first modification group immediately demonstrated an intuitive understanding of the pieces n e c e s s a ry to prove triangles congruent. Preassessment showe d that another student not from the original five also understood. These four became a group that investigated the follow i n g open-ended question: What is the minimum information necessary to prove two triangles are congruent?
In pairs, the students proposed different ways to prove c o n g ru e n c y. They tested the need to prove each of the ways they had identified. Then, the two pairs debated each other and sought counterexamples. They discove red that they could p rove right triangle congruency with less information than they needed for all other triangles, and they discove red the ambiguous case that is usually held over until trigonometry. They demonstrated their new understandings by confere n c i n g with me.
I posed one question that led to a presentation to the whole class: I asked the four if there was any idea they thought was interesting enough to share with their classmates. They thought the ambiguous case was "f u n" and would clarify the common misconception that side-angle-angle proved congrue n c y. They made a 15-minute presentation to the full class after the congruency unit test.
Modification 3: Self-Selection of Problems
The study of the Py t h a g o rean theorem provided another o p p o rtunity for differentiation, this time for eight students. These students had easily mastered the application of the Py t h a g o rean theorem, as well as the adaptations available for p roving right triangle congru e n c y. Not surprisingly, the s t rengths and interests of this larger group varied more than the strengths of the smaller groups.
To address this wider range of interests and needs, I a l l owed the students to self-select from a menu of opport u n ities. Their choices included exploring the history of the Py t h a g o rean theorem; exploring at least three ways of prov i n g the Py t h a g o rean theorem; exploring different kinds of pro o f s , plus the difference between proof and demonstration; and exploring the nature of square roots, including how to visualize them. Those students who had selected the same topic worked t o g e t h e r. Ot h e rwise, a student worked alone. All we re i n s t ructed to create some kind of poster or large visual, plus a s h o rt written explanation of their findings. They later presented these during a poster session held in conjunction with a series of re s e a rch project presentations by the re m a i n i n g members of the class.
Discussion of Modifications
These three modifications we re linked to one long unit on triangles that I taught in the fall. Throughout the ye a r, eve ry unit presented additional points at which the same students demonstrated their readiness to move on to different material. At no time did I attempt to offer differentiation on a daily or t a s k -by-task basis. Instead, I worked with the major concepts and skills that anchored each unit. Those who demonstrated m a s t e ry of these concepts and skills we re invited to move into a differentiated option that was linked to the material being studied by the rest of the class.
The differentiation strategies employed in Ad a m's geomet ry class we re not limited to a particular group of students ( Stepanek, 1999) . All students we re eligible to participate in each modification based on demonstrated readiness. I pre p a re d the modifications for points in the unit where I believed highend students could become bored while their classmates w o rked more slow l y. At these points in the units, all students we re invited to demonstrate their understanding of the ideas fundamental to the concepts being developed and to show mastery of the skills necessary to perform the required calculations.
The class understood, based on the opportunity afford e d each class member to demonstrate understanding and mast e ry, that I was not preselecting favo red students for inclusion in some special gro u p. The class also understood that the diff e rentiation opportunities we re not a pause from learning i m p o rtant mathematics. These differentiated opport u n i t i e s became known with humor and a nod to Robert Frost as "The Road Not Taken-By Most." Five students were ready for the first differentiated opportunity. Three of the first five plus two others participated in the second differentiated opport u n i t y. The original five, the additional two from the second opport u n i t y, and one other student demonstrated readiness for the third opportunity.
The advantages of the differentiated opportunities seemed to be understood by all. The high-end learners did not have to wait for their classmates before moving forw a rd. They we re able to work with more abstract material, such as the ambigu-ous case, and at a pace more aligned with their understandings. Yet, the varied presentations, posters, questions, hypotheses, evidence, and answers allowed all students to have access to the ideas that we re considered by the small groups and individual investigators. Meanwhile, the other students progressed with their own learning, secure in the understanding that I was attentive to their needs. Each modification re f l e c t e d St e p a n e k' s (1999) ideas that differentiation should prov i d e content with greater depth and higher complexity; nurt u re a d i s c ove ry approach that encourages students to explore concepts; provide complex, open-ended problems; and cre a t e opportunities for interdisciplinary connections.
L i k ewise, the modifications attended to content, pro c e s s , and product differentiation (Tomlinson, 1999) . Content diff e rentiation occurred with each modification. When the students posed, sought, and answe red their own questions during the first modification, they we re creating their own content extensions. Later, as the next group discove red, inve s t i g a t e d , and presented the ambiguous case to the class, they cre a t e d their own content differentiation. They found the ambiguous case as a result of their open-ended explorations to establish the minimum information needed to prove triangle c o n g ru e n c y.
The third modification provided the most variety and personal selection for the students. The four choices prov i d e d o p p o rtunities for abstraction, for the study of history and philosophic differences found in standards of evidence, and for concrete and tactile creations linking complex thought with real outcomes. The students chose from among the following: connecting with the history of a major topic in mathematics, considering different methods for proving the Py t h a g o re a n T h e o rem, discovering the fundamental pro p e rties of pro o f s and contrasting these with the pro p e rties of demonstrations, and examining and seeking physical re p resentations of radicals using geoboards.
Process differentiation occurred with all three modifications. Debate, conferencing, creating oral presentations and visual support materials, re s e a rching history, investigating the components necessary for proving theorems and conjecture s , experimenting with ways to demonstrate irrational numbers (many radicals)-each of these provided the students with rich, open-ended options from which they might create their ow n learning.
Product differentiation was also evident in each of the modifications. I required evidence of the students' new understandings for each modification. Sometimes this evidence was oral, sometimes visual, and sometimes written. Each time, the whole class enjoyed hearing about the work these students had done, although the class was not required to develop the same l e vel of understanding about the various topics as the inve s t igators were.
